NORM ESTIMATES OF ALMOST MATHIEU OPERATORS 



FLORIN P. BOCA AND ALEXANDRU ZAHARESCU 

Abstract. We estimate the norm of the almost Mathieu operator He^x = 
Uo + Ug + ^{Vo + Vg), viewed as an element in the rotation C*-algebra 
Ag = C*{Ug, Vg unitaries ; UgVg = e^'^'^VgUg). In the process, we prove 
the inequality 



for every A G R and every 8 G [1/4, 1/2]. This significantly improves the 
inequality ||J79.2|1 < 2\/2, G [1/4, 1/2], conjectured by Beguin, Valette 
and Zuk. 



1. Introduction and Statement of Results 

An almost Mathieu operator is a discrete Schrodinger operator that acts 
on the Hilbert space i'^ = £^(Z) as 

H{e, A, (/.)e„ = Cn+l + Cn-l + A cos 2TT{ne + (/)) Cn, 

where 9, A and (p are real numbers, and {(,n)n denotes the canonical or- 
thonormal basis in The study of the spectral properties of this class of 
operators has attracted a significant amount of interest in the past couple of 
decades (see §, g, [|], Q, [|lO|, [|l3' @> fo^' some of the most important 



developments). Most of this work has focused on the "Ten Martini prob- 
lem" of M. Kac, concerning the possible values of the labels of the gaps that 
appear in the spectrum of these kinds of operators, and on the localization 
properties of the spectrum. 

The almost Mathieu operator H{6, A, (p) can be regarded as the image of 
the self-adjoint element Hg^\ = U + U* + {X/2){V + V*) in the representation 
of the rotation C*-algebra Ag = C*{U,V unitaries ; UV = e^'^^^VU) that 
maps U to the bilateral shift uq defined on £^ by ito^n = Cn-i, and V to the 
diagonal unitary vq defined by vq^^i = e^'^*^"^^'^)^^. The operator Hq = Hq 2 
is called a Harper operator. 

When 9 = p/q is rational with < p < q coprime integers, the spectrum 
of Hq xi viewed as an element of Aq, consists either in the union of q disjoint 
intervals (when q is odd), or oi q — 1 disjoint intervals (when q is even). This 
is best illustrated in Hofstadter's butterfly {^^) in Figure |l|. 
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Figure 1. The spectra of the Harper operators H^jq for 
< p/(7 < 1 

The irreducible representations of ^p/g can be classified up to unitary 
equivalence. They all have dimension q and are given by 



for zi, Z2 S T, where 

/O 1 ... o\ 



1 








\1 

p 



1 
OJ 



/I 



Vn 



,2-Ki(q-l)p/q 



and 9 = — . 



We also have in this case {9 rational) 

(1-1) ll^e,A|| = 

where 

(1.2) he,x = [/o + f/o* + ^ (Fo + ^0*) e Afg(C) = ^(^'(Z,)). 

The map 9 ^ ||^e,A|| is Lip-*^/^ continuous on [0, 1] (see [||, 0] 
for different proofs with various degrees of generality). 

All these properties of rotation C*-algebras and of almost Mathieu oper- 
ators can be found, with self-contained proofs, in the first four chapters of 



or |lj 
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The first estimates on the norm of almost Mathieu operators were given 
by C. Beguin, A. Valette and A. Zuk (|||]), who proved the inequahty 

(1.3) lli^ell < 2(1 + \/2 + cos27r6') ee[0,l]. 

This is effective only in a neighbourhood of 9 = 1/2, as the norm of Hg is 
no greater than 4. 

It was also conjectured by these authors in Q thatQ 

(1.4) \\Hg\\ <2V2 [1/4,1/2]. 



A proof of ( |1.4| ) has appeared in Unfortunately, the trigonometric 
formulas at page 157 are not correct and relation (13) in |15| should change 
to 

(\/2 + s„ - 7„)(\/2 - s„ + 7„_i) > 1. 

This makes the forthcoming arguments at pages 158-159, concerning the 
possibility of chosing 7„ such that this inequality be satisfied, to be incorrect. 

The original motivation of this work was to give a complete proof of the 
inequality (^]^). This task is achieved first in Section 2, where we prove for 
every A S R and every G [1/4, 1/2] the inequality 



(1.5) ||^e,A|| < \/4 + A2. 

Note that the equality holds in ( |1.5D at = 1/4 and 9 = 1/2 for any A. In 
this section we also prove in the range 9 G [0, 1/2] the estimate 

(1.6) WHg^xW < Mx{9) = V4 + A2 + 4|A|(cos tt9 — sin tt9) cos n9. 

In Section 3, we further sharpen the upper bound \/4 + A^ for ||-ff6»,A|| on 
[1/4, 1/2], and prove for every 9 £ [1/4, 1/2] the inequality 

||^e,A|| < Mx{9) 

which provides, when A = 2, a significant improvement of (|l.4| ) (see Figures 
^ and |2|). In the case A = 2, the upper bound estimates (|l.6|) and ( |l.7D are 
compared in Figure § with ( |l.3D and with the bound 

(1-8) ll^ell < 



'2 + 2cos7r6l if sin^ 7r6l < (^/5 - l)/2 



2v^l + 1/sin^ it9 if sin^ 7r6l > (^/5 - l)/2, 

proved (correctly) in [p^] . 

In the last part of the paper, we give some explicit lower bounds for the 
norm of Harper operators, proving the inequality 

(1.9) \\He\\ > m{9) = max {fi{9)j2{9), M9)) 9 G [0, 1/2], 



^ The existence of the *-antiautomorphism of Ae that maps U to U* and V to V 
imphes that the spectra of Hg^x and -ffi_e,A coincide for any 9 £ [0, 1] and any A G R. 



4 



BOCA AND ZAHARESCU 



where fi{0), f2{d), fsiO) > are given by 

4 



fi{oy = 6 



(1.10) 



sin wd y sin vrS 

2 8 COS^ TT. 

+ :^^^ 7 ^ + 



(1.11) 



f2{or 

+2i 



1 + 4sin7r6lcos2 7r6l (1 + sin7r6')3/2 ' 

2 2 cos^ 27r6' 

4 H — H 

^1 + |sin47r6l| l + |sin 4716*1 

sin2 27r6' \^ 16cos4 7r6' / cos27r6' 



\) (2+ |tan27r6l|)2 V 



sin47r6'|; (2 + | tan27r6l|)n ^1 + | sin 4716*1 

/3(6l)2 = 4 + - .^Qg 27r6l + 2 cos^ 27r6l + 2 cos'' 27r6l) 
5 

4(cos27r6' + 2cos2 27r6' + 2cos4 27r6')\^ / ^ 8cos27r6'^ ^ 
2--i ^ + Vl()+ 

To 



(1.12) 



In particular we get 

(1.13) min lli^ell > min MO) ^ \/6.59303 w 2.56769. 

i/4<e<i/2 i/4<e<i/2 

This is a good estimate for min ll-ffelli which appears to be, by numerical 

i/4<e<i/2 

computations, just fractionally larger than 2.59. 
We also get (see Figure ^) 

(1.14) min IliJelP > 7.82387 

o<e<i/4 

and for ah < 6^ < 0.23441 we get 

(1.15) \\Hgf > 8. 

Our estimates ( |1.6D , (|1.7| ) and ( |1.9D on the norm of the Harper operator 
Hq are illustrated in Figure ^. 

Numerical computations appear to indicate that inequality ( 1.15| ) might 
hold for every 6 € [0, 1/4]. It would be interesting to clarify this point. 



2. A PROOF OF THE INEQUALITY ||i?6»,A|| < \/4 + A^, 1/4 < 9 < 1/2 

Throughout this section, we take = p/q, denote 

Cn = Cn{0) = cos 2mTe n £ Z, 

and consider the self-adjoint qx q matrix hg^x defined in (|1.2|). That is, hg^x 
acts on ^^(Zq) by 

hg^X^n = Cn+l + Cn-l + ^Cnen n S Zg, 

where {en)neZq denotes the canonical orthonormal basis in i'^iZg). 
In this section and the next one, we set ^ = ^ . 

m mGZo 
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Figure 2. The upper bound estimates (O) , (O) , (|L6|) and (O) 
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Figure 3. The graphs of the functions [0, 1/2] 36^ AhiO), \\H0\\,m{9) 

Let {Xm)m£Zq be a unit eigenvector in ^^(Zg) for the eigenvalue E of he^\ 
with = X^{e) G M. Then 

(2.1) Xjji+l + Xrn-l + XCraXm = EX^ m G Zg, 
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m m 

m m 

+ 2A ^ ^ XmXm—liCm + C'm— l) 
m 

(2.2) = 2 + A2 ^(1 - sin2 2m^e)Xl + 2 - ^^^(X^+i - X.m-i] 

m m 

+ 2A Xm^m~l(C'm + Cm-l) 
m 

= 4 + A^ - - X^_i)2 _ a2 ^ sin^ 2rm^e 

m m 
+ 2A Xm^m-l (C'm + C'm-l)- 



It also fohows from (|2.lD that 



m-2j 



A ^y^^XmXm-lCm-1 — Xm{EXm-l — Xm — X, 
m m 

= E XmXm-l — 1 — XmXm-2 
m m 

(2.3) = ^ -''^m-'^m-l - ^ -'^m-l ~ X/ 

m mm 

= '^^Xm_i{EXm — Xm~l — Xjn+l) 
m 

— A ^ ^^ XmXm~lCm- 



Subtracting the right-hand side from the left-hand side in (2^), we 



(2.4) 



XmXm~i sin(2m — 1)716 = 0. 
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By (2.2) we infer that 

E'^ = 4: + - y^(Xm+l - Xm~l + XXm s'm 2771719 f 

m 

+ 2A ^ XmXm-iiCm + Cm-i) + 2A ^ Xm+iX^ siii ImnO 

m m 

^2 5^ — 2A XmXra-i sin 2rmr6 

m 

= 4 + - ^{X.m+i - Xra-\ + AX^ siii Imixef 

m 

+ 2A XmXm-i {Cm + Cm-1 + siii 2(m — l)7r0 — sin 2rmT9^ 

m 

But 

cos 2rmT9 + cos 2(m — 1)tt9 + sin 2(m — l)7r0 — sin 2rmr9 
= cos 2ni7r9 + cos 2rmr9 cos 27r0 + sin 2rmT9 sin 27r0 

+ sin 2rmr9 cos 27r0 — cos 2rmr9 sin 27r0 — sin 2rmr9 
= cos2m7r0(l + cos27r0 — sin27r0) — sin2m7r0(l — cos27r0 — sin27r0) 
= 2 cos 2rmT9 cos 7r0(cos vr^ — sin Tr9) — 2 sin 2mTT9 sin 7r0(sin 7r0 — cos vr 
= 2(cos 7r0 — sin vr^) (cos vrS cos 2mTT9 + sin vr^ sin 2rmT9) 
= 2(cos 7r0 — sin vr^) cos(2m — 1)^9, 

which gives in conjunction with ( |2.5| ) 

£'2 = 4 + A^ - ^(Xm+i - + XXm sin 2m-K9f 

(2.6) 

+ 4A(cos vr^ — sin vr^) XmXm-i cos(2m — 1)7^9. 

m 

Using also 

Cm + Cm-i = COS 2rmr9 + cos 2(m — l)7r6' = 2 cos 7r6' cos(2m — 1)^9, 
we derive from ( |2.6D and ( |2.3| ) 

= 4 + A^ - ^(X^+i - Xm-i + AX„ sin 2rmT9f 

(2.7) ^ 

+ 4A(1 -tan7r6l)2_]X„X„_iC^ 0<9<l/2. 

m 

From ( |2.6| ) it fohows that 

(2.8) < 4 + A^ + 4A(cos tt9 - sin 7r6l) ^ XmXm-i cos(2m - l)7r6l. 

Using the identity 

2{ax + 6y) = (a + 6)(x + y) + (a - 6)(x - y) 
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for a = Cm+1, b = Cm-i, x = Xm+i, y = Xm-1, we may write 

m 

= A XjnXm-l {Cm + Cm-l) + A Xm+lXm{Cm+l + Cm) 
m m 

m 

+ — ^^Xm{Xm+l + -'^m.-l)(C'm+l + Cm-l) 



(2.9) 2 

A 
2 



+ 7J ^ ^ Xm{Xm+l — Xm~l){Cm+l ~ Cm—l] 



-Z Xm{Xm+l + Xm,--l)(Cm+l + 2Cm + Cm-l) 



2 

n 
-I- 

2 



+ — ^^^XmiXm+l — Xm-l)iCm+l — Cm-l)- 



Since 

Cm+i — Cm-l = COS 2(m + l)7r0 — COS 2(m — l)7r0 = —2 sin 27r0 sin 2mTr6, 
we collect from (^) and ( ^l9[ ) 



-E-^ — 4 + A^ + — Xm{Xm+l + Xm_i)((7m+1 + 2Cm + C^-l) 
m 

(2.10) - ^X^sin^ 2m7r0 - ^(X^+i - X^-i)^ 

m m 
— A sin 27r0 ^^(Xm+i — X^-i) sin 2rmT9. 

m 

Using 

^ ^ Xm{Xm+l + ^m— l)(C',rj-|-i + 2Cm + Cm-l) 
m 

= ^ ^ ^Xm— l^m(C'm + 2Cm-l + Cm— 2) + l^m(Cr?i+l + 2Crra + Cm-l) 

m 

= ^ ^ Xm^m-l (C'm+1 + 3Cm + 3Cm,-l + Cm— 2)) 
m 

Cm+1 + 3Cm + 3Cm— 1 + Cm-2 

Sjj|^g27ri(m+l)S _|_ 2g27rim0 _j_ ^^TTi(rn—l)9 _j_ g27ri(m— 2)f?^ 

= 5R(e2-^(™-2)^(l + e^-'')^) = 3f?(e(2— i)-«(e--*^ + e-^^)^) 
= 5R(e(2™-i)^^^(2cos7r0)3) = 8 cos^ vr^ cos(2m - 1)1:6 
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and (|2l0|) , we collect 

£;2 = 4 + + 4A cos^ ttO ^ X^Xm-i cos(2m - 1)7^6 

m 

m m 

— A sin 2tt6 — Xm-i) sin 2rmr6 

m 

= 4 + + 4A cos^ ttO ^ X^X^.i cos(2m - 1)t:9 



(2.11) 

A2 



(4 - sin^ 27^9) ^ sin^ 2rmT9 

m 

f^-^ Xrrt sin27ri9sin2m7ri9 + Xm+i - j 



< 4 + A^ + 4A cos^ it9 ^ X^X^.i cos(2m - l)7r9. 

m 

We can now prove 
Theorem 2.1. (i) For every 9 G [1/4, 1/2], we have 



\\He,x\\ < V4 + A2. 

(ii) For every 9 G [0, 1/4], we have 

\\He,xf < 4 + A2 + 4A(cos 7r0 — sin tt9) cos vr^. 

Proof. Since Hg^x and -ffg.-A have the same spectrum, we may assume 
that A > 0. Using the continuity of the map 9 \\Hg^x\\, it suffices to 
assume in the first place that 9 is rational. Taking now stock on ( |1.1| ), we 
may replace ||i^6i,A|| by ||/ie,A||- 

(i) Let 9 G [1/4,1/2). The sum XmXm-i cos{2m - l)7r9 played a 
central role in the previous computations. We do not have any control over 
this sum. However, the point is that if J2m ^mXm-i cos(2m — 1)t:9 < 0, 
then (|2Tll) gives E"^ <A + \^, and if Y.m ^m^m-i cos(2m - 1)tt9 > 0, then 
(gJD gives ^2 < 4 + A^. 

(ii) This estimate follows from (|2.8|) and from the next lemma. □ 



Lemma 2.2. For every 9 G [0, 1/2], we have 
XmXm-i cos(2m — l)7r 



< ^v'2(l + |cos 27r0|) 



cos7r(9 if<d<9<l/A 
sin7r6l i/l/4<0<l/2. 
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Proof. With Djn = cos(2m — 1)^9, we gather 

D^^ + -Dm+i = cos^(2m - 1)^9 + cos^(2m + l)7r9 

= 1 + ( cos (4m - 2)7:6 + cos (4m + 2)Tr9) /2 = 1 + cos 4m7r6' cos 27:6 
< 1 + |cos27r6'|. 

Combining this with Cauchy- Schwartz, we derive 
2 \XjjiXm-iDm\ = (|Xot||X^_i||Z)^| + 

m m 



< ^ \Xm\^Xl_, + Xl^, ^Dl + Dl 

m 



m+1 



2 

m+1 



y m y m 

= V2(1 + |cos27r6l|). 



□ 



3. Improved upper bound estimates in the range 6 G [1/4,1/2] 

Since the spectra of Hg x and Hg _x coincide, we may assume that A > 0. 
We also assume throughout this section that (1/4, 1/2). 
Using the notation from the previous section, we set 

S = S{6, A, E) = E'^^CmX^ + — y^^Xjn+iXjn-i, 



2 . 

T = T{9, A) = A ^ C'm-'^m + T X] -^m+l-'^m-l- 



m 

It is worth to note first that 



A 

A 



^m^m-l — Xm+l^m — ((-^ ~ ^Cjn)Xm ~ -^m-l)-^n 

m m m 

= E — \ CjnX"^ — XraX^-i, 
m m 

thus 

(^•1) E ^m^m-l = E -'^m+l-'^m ~ "2" ~ '2 E ^'""'^mi 

mm m 
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and as a result 

m m 

by (2.3) = A Xm+l^mC'm + A Xm^m-lCm 
m m 

m 

by = — ^m+1 — -'^m-l)(-'^m+l + -^m-l) 

m 

m m 

by (P) = 2i? - ^ ^ C^X^") -2-2J2 Xm+iX, 

^ m ^ m 

= E"^ — \E Cm^m ~ 2 — 2 

m m 

= E^-XS-2. 
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(3.2) 



m— 1 



Therefore, (2.7) implies 

^2 < 4 + + 2(1 - tan7re)(E2 _ xs - 2), 

and so, 



j_,2 A^ + 2A(tan7r6'- l)5 + 4tan7r6' 
E < 



2 tan -n-e -1 



which gives in turn 



. X ^2 . >2 2(tan7r6l- 1)(AS'- A^ -2) 

(3.3) E^-4-\^<-^ ' 



2 tan TiO -1 



Lemma 3.1. Suppose that (Ym)m£Zq is a unit vector in -^^(Zg). Then 
2 ^ ClY^ + Ym+iYm-i < 1 + V2(l + cos2 47r0). 



Proof. If we write 



2 = 1 + J] cos 4m7r0, 



then the desired result will follow at once as we have shown that 

y^+i cos4(m + 1)710 + y^_i cos4(m - 1)6 + 2y„+iy„_i 



(3.4) sup ■ 



y2 + y2 
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is less or equal than y^2(l + cos^ 4716). Taking A = Yrn+i/\ Y^^^ + Y^_-^ 



and B = Ym~i/\/Y^^-^ + Y^_^, the expression in (3^) is no greater than 



sup cos 4:Tt9 cos AmnO + {B — A ) sin AttO sin ArmrO + 2AB I 



sup ( V (^^ + B"^? COs2 AttO + (^2 - ^2)2 ^^^2 ^^q ^ ^AB ) 



sup ( \/l - 4712^2 sin2 4vr6l + 2ylB 



The statement follows now from 



(\/l -4A2^2 gin2 47r6i + 2^5)^ < 2(1 - AA^B"^ sin^ 47r6' + 4^^^^) 
= 2(1 + AA^B"^ cos^ A-kO) < 2(1 + cos^ A-kO). 

□ 

Corollary 3.2. /f {Ym)mez„ is a unit vector in (^iJLq) and < A < 2, then 



Proof. Using lemma |3.1| and Cauchy-Schwarz, the expression in the left- 
hand side becomes 

^ (^2 ^ ClY^ + Ym+iY^-i) + - ^) E 



^2 A A, /— T^^N 2 , /l + cos2 47r0 

- A " 2 + 2 *^ +^ ^ ^ " A+ ^ 



Theorem 3.3. For every G [1/4, 1/2] and A G M, i(;e /ia?;e 



□ 



Proof. We may assume that A > 0. We may also assume as in the proof 



of Theorem 2.1 that 9 is rational and then replace by ||/i6i,A||- Let e 

be a constant to be chosen later. 

We first consider the case A < 2. Suppose that 



(3.5) 



2A ^ ^ XmXm-lCm ^ £• 
m 
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Since 

2 ^ ^ Xni-^m—lCm — ^ ^ -Xm-^m—lCm ~l~ ^ ^ ^m+l^mC'm 
m m m 

m m 

= E ^ CmX^ — A ^ Cm^m 

m m 

= S-T, 
we infer from ( |3.5D that 



(3.6) 5 < Y + ^- 

A 

We combine (13.61) with (13.31) to collect 



(3.7) ^2 _ 4 _ < 2(tan7rg^-l) ^ _ ^2 _ 2) 

If 



then we infer from ( p.TD and from 1 — tan vr^ < that 

(3.8) E"^ -4- < 4:X{1 - tamre)^ XmXm-iCm < -2(tan7r6l - 1)£ 

m 

In summary, we combine ( |3.7D with ( |3.8D to get 

/ £ _(_ _ 
E"^ -A- < 2(tan7r6' - 1) max I - e, 



2 tan 7:6-1 



for any e G M. The inequaUty 



fohows by chosing 

A2 + 2 - AT 



e 



2 tan tt6 



and employing Corohary 3.2. 

When A > 2, the desired inequahty is obtained combining ( |3.9| ) with the 
Andre- Aubry duahty 

\\H0,x\\ = ^\\H,^±J. 

□ 
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4. Some lower bounds for the norm of a Harper operator 
We shall consider sequences {xn)n and {yn)n in of the form 

Xn = Xn{e) = rl"l 

and 

^rl'^l, if n = 2A; 
^Srl^l, ifn = 2fc + l' 

with + = 1, and with < r = r{9) < 1 to be chosen later. We have 



Vn = VniO) 



where we set ^ = J2 ■ 

n neZ 

Using the relations 

/.IN "S:^ Ifcl ^ J , i\ (1 - r^) cos 6 

(4.1) > r^''^ cos(ak + b) = — -, 

^ ' ^ ^ ^ 1 - 2r cos a + r2 ' 

k 

(4.2) y .1^1+1^-1 cos(afc + 6) = ^^^^ " ^ ^ 

1 — 2r^ cos a + 

fc 

and 



^ ^|fc+l| + |fc-l| = ^2 _ _^ ^ 



.2|fc| 

fc fc 

we find 

1 — 

ll^^elP > Y^-^ yj2xn cos 2n7r6' + x^+i + x„_i) 



^ (2rl"lcos2n7r0 + r'"+^' + 



>-i| 



,2 



1 + r2 

n 

(l-r2)2 2(l-r2)2 2r (1 - r2)2 cos^ tt^ 

6 — — TT- + -. 77-^ r^r- — 7 + 8- 



1 + r2 1 - 2r2 cos 47r6' + 1 + r2 1 - 2r2 cos liiQ + ' 

Taking r = tan(a/2) with < a < 7r/2, it follows that ||i?e|P is greater 
or equal than 

4 cos2 a _ 2 ( 1 4 sin a cos2 vr^ 



sup 6—- 1-2 cos a\ r-o ^5 ;t + 



0<a<7r/2 



1 + cos a \ 1 — sin a cos^ 27r^ 1 — sin a cos^ vr^ 



Chosing a such that 



2 sin vrS 

cos a 



1 + sin ■kQ 
we arrive at 

(4.3) \\m?>h{Qf [0,1/2], 

where /i(^) is defined in ( |1.1C| ). 
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In particular, we infer from (O) and (|1.10| ) that 

(4.4) min \\He\\ > min Me) w V6.59303 « 2.56769. 

i/4<e<i/2 i/4<e<i/2 

To get a better estimate in a neighborhood of 1/4 and 1/2, we use the 
sequence {yn)n and relations (|4.1| ) and (^), to collect 

^(2y„ cos 2n7r0 + y„+i + = ^ (^2ylrl'=l cos 4^71^ + B(rl^l + rl^-^)) ^ 

n k 

+ ^ (2Srl'=l cos(4A; + 2)7^6 + ^(r'^l + r'^^+^l))^ 
= 4^2 ^ ^2\k\ pQg2 4^^^ ^ cos2(4A; + 2)^0 

/c k 
+ 2(A2+i?2)^(^2|fc|^^|fe| + |fe-l|^ 

+ 4^5 r^l''! ( cos 4/c7r6' + cos(4/c + 2)7r6l) 

+ 4AB rl'^l+l'^-^l ( cos Akird + cos(4A: - 2)^9) . 

k 

This further equals 
4 ^^2|fc| ^ Y r^^''^ cos Sfcvr^ + 2B^ ^ r^l^l cos(8fc + 4)7:6 

+ 2(^2 + J2 rl'=l+l^-i| + cos ttO ^ r^l'^l cos(4A: + 1)tt9 

k k 

+ 8^5 cos ttO Y rl'^l+l'^-^l cos(4A: - 1)716 



k 

1 + r2 ^ 2^2 1-^' ^ 2i?2 - ^""^ 



1 - r2 1 - 2r2 cos 87r6l + 1 - 2r2 cos 87r6' + 

4r 8A5cos2 7r6l(l - r-^) 



+ 



1 — r2 1 — 2r2 cos 47r0 
+ ^AB cos2 7r6' cos 27r6l • 



1 - r2 1 - 2r2 cos 47r6' + r'^ ' 
Hence 

llff ||2^ . I 4r 2(^2^^2^p,4^g)(i_^2)2 

ll-Hell _4+^^^2+ l-2r2cos87re + r4 

+ 8^5cos^7re( 1 + cos27re^ (1-^) 



1 + r2 / 1 - 2r2 cos A716 + 
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Taking r = tan(a/2) with < a < 7r/2, we find 

2(^2 _^B2cos47r6')cos2a 



\He\r > 4 + 2sina + 



(4.5) 



1 — sin^ a cos^ AttO 



+ 8AB cos^ ireil + sin a cos 2tt9) 



cos^ a 



Taking also 



sin^ a 



1 - I sin47r0| 
cos-^ 4:7r6 



1 



1 + I sin47r6'| ' 



we get 



and 



cos^ a 



cos^ a 



1 



1 — sin^ a cos^ 2it9 
I sin47r6'| 



1 + I sin47r6'| 



cos Q 



1 — sin^ a cos^ 4:Tt6 1 + | sin AttO] 
21 cos 2tt9\ 



1 - sin^ a cos2 27r6' 2| cos 27r6'| + | sin 27r6l| 2 + | tan 27r6l| ' 
Hence Q gives 



iHolr > 4 + 



(4.6) 



+ 



2 2(^2 cos 47r6l) 

y^l + |sin47r6'| 1 + | sin AttO] 

16AB cos"^ ttO / cos27r6l 



2 + |tan27r6l| V y^l + | sin47r6l| 



Using also the equality 



(4.7) max 2{aoA^ + PqB^ + joAB) = ao + Po + J {ao - Po)^ + -fl 

A^+B^=l ' 



we infer from ( [4.6]) , with 



1 



"0 



70 



1 + I sin 4716*1 
8 cos^ ttO 



1 + 



cos Att9 
1 + I sin 4716*1 
cos 27r0 



that 
(4.8) 



2 + |tan27r6l| V y^l + | sin47r6l| / ' 



\Hef > f2{ef 0<9< 1/2, 



with /a (61) given by (pip . 
If we take 



Vl/lOsina if n = ±2 

Y^2/5 sin a if n = ±1 

cos a if n = 

ifn/0,±l,±2, 
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for some a E M, then X] -^n = 1) so we get 

n 



i2^^/sina\^ / 2 cos 47r0 sin a /2 



\Hef >2[^ \ +2 ■= + W-sina 

f . /2 sina\^ / [2 

= 22 cos 2^6 \ - sin a + cos a H ■= + 2 cos a + 2\ - sin a 

V V 5 Vio 7 V V 5 

Since the right-hand side of the inequaUty above is equal to 

sin^ a , / sin a(l -|- 4 cos 27r6') \ ^ 

-F-sin"'a(l-Fcos47r6')^ + 2 cosa-h ' 



5 5' ' \ VlO 

-|- 4 1 cos "t" Y 5 ^^'^ ^ 

„ o sin2a(9-M6cos^27r6'-F(l-F4 cos zvrt/ 

= 6 cos^ a H ^ ^ — 

5 

, . ^ ,'2(l + 4cos27r0) ^ /2 

sm 2a ^ = + 4a / - 

^/lO V 5 



= 6cos^a -h 2sin2a^l + ^(cos27r6l 2cos2 27r6l -h 2cos^ 27r6l)^ 

/ r— 8cos27r(9\ 
sm 2a V 10 H , 

V ^7 
we deduce from ( [4.7D that 

(4.9) > /3(0)2, 

where /3(^) is as in (|1.12| ) . 
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